A fundamental issue in theoretical computer science is that of establishing unambiguous formal criteria for algorithmic output. This paper does so within the domain of computeraided geometric modeling. For practical geometric modeling algorithms, it is often desirable to create piecewise linear approximations to compact manifolds embedded in , and it is usually desirable for these two representations to be "topologically equivalent". Though this has traditionally been taken to mean that the two representations are homeomorphic, such a notion of equivalence suffers from a variety of technical and philosophical difficulties; we adopt the stronger notion of ambient isotopy. It is shown here, that for any , compact, 2-manifold without boundary, which is embedded in , there exists a piecewise linear ambient isotopic approximation. Furthermore, this isotopy has compact support, with specific bounds upon the size of this compact neighborhood. These bounds may be useful for practical application in computer graphics and engineering design simulations. The proof given relies upon properties of the medial axis, which is explained in this paper.
Topology in Geometric Modeling
Topology has made fundamental contributions to computer science [31] ; with applications to domain-theoretic foundations for programming languages [34] , an essential role in digital topology [26] , and many applications to complexity lower bounds [8, 25, 39] . Topology also offers direct means for classifying solids, surfaces, and curves; the principal elements of computer-aided geometric modeling and computer graphics. As approximation is an unavoidable aspect of computation with such objects, the question of whether an approximation is "good enough" to preserve the essential features of the object is of central importance. We discuss the concept of ambient isotopy, a topological notion of equivalence, and give conditions sufficient for an approximation to offer such equivalence.
Computer-aided geometric modeling is the process of creating electronic representations of geometric objects, usually in three dimensions. Although curved models can be designed with splines, algebraic surfaces or implicitly via a subdivision process; operations on the models, such as visualization or finite element analysis, might require a piecewise linear (PL) approximation to the model. This work addresses the question of when an object and its approximation should be considered to be topologically equivalent and presents a new theorem which guarantees that such topologically faithful approximation can be achieved on compact, 2-manifolds, which are embedded in and have continuous second derivatives. Recent discussions have articulated the notion of 'computational topology' [14] , primarily as a combination of topology and computational geometry. Most of the focus to date [14, 17] has ignored differentiability and approximation. To the contrary, this work emphasizes the integration of computational topology, differential topology and approximation. .
For other fundamental terms, the reader is referred to the text [22] .
Although any two simple closed planar curves are ambient isotopic, Figure 1 shows two simple homeomorphic curves, which are not ambient isotopic W , where the PL curve is an approximation of the curve on the left. In the right half of Figure 1 the X co-ordinates of some vertices are specifically indicated to emphasize the knot crossings in (All other end points have
). All end points of the line segments in the approximation are also points on the original curve. Having this knotted curve as an approximant to the original unknot would be undesirable in many circumstances, such as graphics and engineering simulations [6, 7] . These pathologies can be prevented by extending the topological foundations for geometric modeling to stipulate ambient isotopy for topological equivalence. produces an object homeomorphic to its input requires some care for simplicial complexes [18] . Preservation of genus during approximation by a polygonal mesh [16] also requires considerable care.
The theorem presented here proves an approximation technique which preserves ambient isotopy over an important sub-class of 2-manifolds.
Related Work
Throughout the article, for any integer g i h 0
, the notationbp will refer to a function (or manifold) having continuous derivatives of order g ;rq will likewise indicate continuous derivatives for all non-negative integers. The related work comes from two broad areas, mathematics and computer science.
Mathematics
The sub-disciplines of differential topology, PL topology and knot theory are the most relevant, for which key summary references are given, below.
In differential topology, extension of isotopies to ambient isotopies is accomplished on arq manifold without boundary by constructing a tubular neighborhood [22] . The assumption ofrq is natural within that context, but is not invoked here. Rather, our results only require` continuity.
From PL topology, there are necessary and sufficient conditions for an isotopy of compact polyhedra [32, Theorem 4.24, p . 58] to be extended to an ambient isotopy. A common technical tool for proving compact support s of an ambient isotopy is the class of functions know as 'pushes' [9] . A generalization of a push is used in the proof given here.
In knot theory, ambient isotopy theorems focus upon knot diagrams [20, 21] . Finite sequences of Reidemeister moves are known to preserve ambient isotopy over knot diagrams. An alternative definition of ambient isotopy can be given [32] in terms of commutative diagrams. s A function t from u onto itself has compact support if there exists a compact set v x w y u such that t is the identity except possibly on v .
Computer Science
The catalyst for this paper was work on the problem of constructing an approximating surface mesh given only a sample of points from the surface. This problem was formalized and brought to the attention of the computer graphics community in a seminal 1992 paper [23] . Amenta and Bern [1, 2] described the crust algorithm for which they could show, under some conditions on the surface and the sample, that the output approximates, geometrically, the surface from which the samples were drawn. A later simplification [3] of this algorithm was shown to produce a PL (triangulated) manifold homeomorphic to the surface from which the samples were taken, using a somewhat complicated argument involving covering spaces. Both of these approaches use the medial axis.
Between any two points, 2 A
, let E 2 I denote the usual Euclidean distance and for any two sets
The medial axis of
, is the closure of the set of all points that have at least two distinct nearest points on e . This concept was originally defined for object recognition in the life sciences [10] . One investigation of the mathematical properties of the medial axis and its associated transform function [15] is restricted to geometry within the plane. More generally, there has been broad attention to the medial axis in p within the computer science literature, where the topological and differentiable investigations [35, 37, 38] are most directly relevant to our main theorem about ambient isotopy.
The issue of rigorous proofs for the preservation of topological form in geometric modeling appears to have been first raised regarding tolerances in engineering design [11, 12, 36] , but these papers did not specifically propose ambient isotopy as a criterion. The class of geometric objects considered was appreciably expanded by theorems for ambient isotopic perturbations of PL simplexes and splines [5] [6] [7] .
In response to the example of Figure 1 , a theorem was published for ambient isotopic PL approximations of 1-manifolds [27] . The proof utilizes 'pipe surfaces' from classical differential geometry [29] . The improved approximation is shown in Figure 2 . There is a related study of curves, comparing them to n -shapes [19] via ambient isotopies [33] . 
Existence of Ambient Isotopy Via the Medial Axis
This section contains the main result of the paper. For the reader's convenience, we briefly summarize the salient aspects of the simplified crust algorithm [3] as the basis for our extensions. 
The creation of such a homeomorphism assumes that the vertices of`form a 'sufficiently dense' sampling of were chosen for convenient numerical manipulation within the cited proof, and could possibly be improved.
Preparatory Lemmas
Lemma 3 has appeared in the literature [37] , using different terminology. In order to keep this paper self-contained, we also present its proof in Appendix A. Note that Lemmas 3, 4 and 7 would be false without some hypothesis about the differentiability of # , where our assumption of` is sufficient. The following definition, restated from [38] , is useful within our next lemma. 
Main Theorem
In this section, we show that there exists an ambient isotopy of compact support between the surfaces # and`. This is the main theorem of this paper. To establish this, we first define the following functions.
Consider the vector from r to its nearest point, 
Conclusions and Future Directions
Theoretical foundations for geometric algorithms should address topological characteristics, as is demonstrated by example in this paper. The main theorem proven in this paper significantly expands the class of manifolds known to have PL approximations which preserve the topological characteristics of the given manifold. Specifically, sufficient conditions are given for a PL (triangulated) approximation to be ambiently isotopic to a given` compact 2-manifold, without boundary, where the manifold is assumed to be embedded in . Furthermore, it is shown that this isotopy has compact support, with a specific upper bound upon the distance of this compact set from the original manifold. This quantitative bound may be useful in practical applications in computer graphics and engineering. The magnitude of this bound is generally inversely proportional to the number of approximating facets. Typically, in practical computing applications, it is desirable to minimize this number of facets. There is no claim in this paper about achieving any such minimality and this minimality relation remains to be investigated, both for the work presented here for 2-manifolds and for work by previous authors on 1-manifolds.
Prior to proving Lemma 3, we state and prove the following supporting proposition. Again, similar arguments appear in the literature [35, 37] . 
